The dynamics of an elastic sheet lubricated by a thin liquid film on a wetting solid substrate is examined using both numerical simulations of a long-wave lubrication equation and a quasistatic model. Interactions between the liquid and the wetting substrate are modeled by a disjoining pressure that gives rise to an ultra thin (precursor) film. For a fluid interface without elastic bending stiffness, a flat precursor film may be linearly unstable and evolve towards an equilibrium of a single "drop" connected to a flat ultra thin film. Similar behavior is found when the thin film is covered by an elastic sheet: The sheet deforms, rearranging the thin liquid film and contributes regulating surface forces such as a bending resistance and/or a tensile force, which may arise from interactions between the sheet and liquid or inextensibility of the sheet. Glasner's quasi-static model [Glasner, Phys. Fluids, 15, 1837 (2003 ], developed for a liquid film, is adopted to investigate the combined effects of elastic and tensile forces in the sheet on the thin film dynamics. The equilibrium height of the drop is found to vary inversely with the bending rigidity. When the elastic sheet is inextensible (such as a lipid bilayer membrane), a compressive tensile force may occur and the equilibrium film height is dependent less on the bending rigidity and more on the excess area of the membrane. Analyses of the lubrication equation also show that the precursor film transitions monotonically to the core film for tension-dominated dynamics. In contrast, for elasticity-dominated dynamics, a spatial oscillation of film height in the contact line region is found. In addition, elasticity in the sheet causes a sliding motion of the thin film: the contact angle is rendered zero by elasticity and the contact line moves at a finite speed. 
I. INTRODUCTION
The dynamics of a thin liquid film on a wetting (or partially wetting) substrate is commonly modeled using lubrication theory [1] [2] [3] [4] [5] . Recently this model has also been applied to nanoscale pattern formation in a layer of metal 6 . An important issue in pattern formation of a thin liquid film interacting with a solid substrate is the wetting/dewetting motion of the contact lines. The moving contact line paradox in the lubrication framework 7-10 may be regularized by including the intermolecular forces in the lubrication equation to account for the interaction with the solid substrate when the film thickness is sufficiently small.
Such intermolecular forces often consist of a long-range attraction, such as the dipole-dipole interaction in the van der Waals force, and a short-range repulsion, such as a steric force. The short-range repulsion may be hard, like the higher-order term in a Lennard-Jones potential, or soft, like the screening potential due to electrostatic effect 11 . In this work we focus on a Lennard-Jones potential U that consist of a van der Waals attraction force and a hard repulsion force that diverges when film height approaches zero. In the lubrication framework U is a function of the film height h(x, t) and is assumed to take the form
with the potential magnitude A * (≡ 3κσ 3 * , where κ is related to the Hamaker constants in the notation of Gomba and Homsy 12 ) and σ * the equilibrium distance where U reaches a minimum, see figure 1(a). In this work we confine ourselves to a finite equilibrium distance σ * > 0. A direct consequence of finite σ * is that the thin film will never rupture during its dynamic evolution 13 . Depending on the material properties of the solid substrate, σ * is in the range of a few to hundreds of nanometers. A flat thin film of thickness close to σ * on a wetting substrate is referred to as a precursor film or ultra thin film. As illustrated in figure 1(a), the intermolecular force is often negligible when the film height h/σ * 5. Another important consequence due to such an intermolecular force is that a flat thin film of thickness greater than a critical value is dynamically unstable. For the potential in equation (1) such critical thickness is 3 1/6 σ * . The instability of a flat thin film leads to drop formation 14 , as illustrated in figure 1(b) where a nearly flat thin film evolves as indicated by the arrows toward the equilibrium shape.
The dynamic evolution of a thin liquid film on a wetting substrate depends on the balance between the viscous stresses, surface forces, such as tensile and elastic bending forces, and the intermolecular forces, as illustrated in figure 2(a) . When the restoring force is "large" the droplet spreads out to form a wider core profile (with a smaller maximum height). When the restoring force is "small" more fluid is drawn into the center to form a more compact core profile (with a larger maximum height). As the thin film evolves from an initial shape to equilibrium, its quasi-static shape consists of three regions shown in figure 2(b): region (i), which is a bulk region in the droplet core, where the 
(a) Illustration of the dynamic evolution of a thin layer of viscous fluid interacting with a solid substrate. Depending on the strength of the restoring force (such as tension and/or bending forces), an initial film profile (dashed line) could spread or draw more fluid to the center as it reaches an equilibrium shape. (b) At equilibrium, three distinct regions of the film profile can be identified: (i) is the core region, (ii) is the contact line region, and (iii) is the ultra thin film (precursor film) region. Red dashed line in (b) is the core film profile from the quasi-static analysis, see § III.
effects of the molecular interaction forces between liquid molecules and the substrate molecules are negligible; region (ii), which is a contact line region, where the core meets the ultra thin film region; and region (iii), which is an ultra thin film region, where the intermolecular forces define a flat equilibrium film of thickness h * . At steady equilibrium the film profile is characterized by the total fluid volume under the film, the maximum film height and the film thickness in the far-field. The investigation of the equilibrium thin film profile on a wetting substrate has provided a useful paradigm to understand the intermolecular interaction between the liquid and solid molecules. Many different techniques have been applied to describe the steady equilibrium film profile in the three regions, such as asymptotic matching 4, 5, 15 , series expansions valid in the contact line region [16] [17] [18] , and numerical solutions of the governing equation 14, 19 . Most recently Gomba and Homsy 12 found analytical solutions for the equilibrium film profile, for cases where capillary forces and disjoining pressure dominate.
Instead of solving for an analytical expression of the equilibrium thin film profile, Glasner used an approximate quasi-static core solution to compute the energy dissipation rate 5 . The approximate core profile allows one to reduce the full lubrication equation to a nonlinear ordinary differential equation (ODE) 5 . Using this approach Glasner is able to reproduce the dynamics of maximum film height and width of the drop by solving the ODE without having to solve the full nonlinear lubrication equation (a PDE). The error of this nonlinear ODE model is surprisingly small, considering its simplicity compared to solving the full nonlinear PDE model. Furthermore, Tanner's law for the moving contact line is recovered from the ODE model 5 . This approach is also generalized to investigate the coarsening dynamics of multiple droplets connected via an ultra thin film 4 . In this work we extend Glasner's approach to study the hydrodynamics of a lubricated elastic sheet, with or without tensile force due to pre-stress or molecular interaction between liquid and the sheet, on a wetting substrate.
When a thin liquid film is sandwiched between an elastic sheet and a wetting solid substrate, the restoring force on the surface may consist of both tensile and elastic bending forces. Such elasto-hydrodynamics has also been investigated in the lubrication framework [20] [21] [22] [23] [24] [25] [26] [27] . In some applications the height of the thin liquid layer is at least millimeters (mm) and as a result the intermolecular forces from interaction with the solid substrate have been neglected 22, 26, 27 . However, novel elasto-hydrodynamics of a lubricated elastic sheet is uncovered by considering the interplay between the bending force of the elastic sheet and the adhesion force due to interaction with the solid substrate 21 . The elastic sheet can be a piece of transparency 21 , a latex sheet (Supatex) 22, 23, 26, 27 , a thin layer of biogel 28 , or a lipid bilayer membrane 24, 29 . For an elastic sheet of finite thickness (such as the lipid bilayer membrane), there may be an in-plane stress (tension) in the elastic sheet that contributes to the stress balance on the thin film interface 24, 25 . Depending on the material properties of the elastic sheet (such as the bending modulus and the thickness), the in-plane strain (behaving similarly to tension) may be negligible compared to the bending strain 21 . In particular, the tension may depend nonlinearly on the overall shape of the elastic sheet at leading order 24, 25 . The interplay between elastic and tensile forces is shown to lead to interesting dynamics and equilibria in fluid-structure interactions 30, 31 . In this work we focus on two kinds of tensile forces in the elastic sheet: one is from a constant tension (in both space and time) due to the liquid-elastic solid interface, and the other is due to a constant area constraint that arises in a lipid bilayer membrane.
This paper is organized as follows: We formulate the problem in §II. In §II B we briefly review the methodology in Glasner 5 by reproducing the main results for a thin film with a constant tension force and show that the equilibrium profile is stable, as expected, in the reduced-order ODE model. In §III A we construct a reduced-order ODE model for an elastic sheet lubricated on a wetting substrate. In §III B we consider effects of both elasticity and tensile forces on the lubricated elastic sheet and make comparison with results in § II B-III A. In §III C we construct a quasi-static model for an inextensible elastic sheet lubricated on a wetting substrate, which is related to hydrodynamics of a planar membrane. In §IV we provide conclusions as well as discussion of the effects of elasticity on the apparent contact angle.
II. PROBLEM FORMULATION
We consider an elastic sheet lubricated by a thin film of viscous Newtonian fluid on a solid substrate, with a disjoining pressure due to the intermolecular forces from wetting the substrate. Immersed in a liquid, a deforming elastic sheet of thickness b * may have both bending and tensile forces in the sheet. The elastic force is characterized by bending stiffness B * = E * b 3 * /(12(1 − ν 2 )) with Young's modulus E * , and Poisson ratio ν. The tensile force per length, denoted by γ * , may arise from (a) the surface tension between the elastic sheet and liquid, (b) a constant in-plane strain due to small out-of-plane deformation, and (c) a non-homogeneous in-plane strain due to large out-of-plane deformation. For the dynamics of a thin wetting film under an elastic sheet (such as PDMS), the characteristic fluid velocity is small and thus the in-plane strain is expected to be negligible compared to the bending strain 21 . Experiments and MD simulations 32 have reported that there exists a constant tensile force in the range of 4 − 40 mN/m from the interaction between liquid and PDMS. Such a tensile force plays an important role in the elastocapillary deformation of an elastic sheet interacting with viscous liquid drops [33] [34] [35] [36] [37] . On the other hand, the tensile force in an elastic inextensible membrane (such as a lipid bilayer membrane) arises from the physical constraint of constant area of a lipid bilayer membrane. For example, a large compressive tensile force in a lipid bilayer membrane gives rise to unique membrane dynamics 24 and equilibrium shapes 11 . In this work we focus on the tensile force due to either the liquid-elastic sheet surface tension or the constant-area constraint of the elastic membrane.
In two dimensions the film height h(x, t) satisfies the lubrication equation (assuming a no-slip condition on the liquid-sheet interface)
where the subscripts (·)
Here µ * is the viscosity of the liquid in the film and p ≡ B * h xxxx − γ * h xx + U h is the pressure inside the thin liquid film. The potential U (h) in equation (1) is for the intermolecular forces due to the interaction of the liquid with the wetting solid substrate; it consists of a short-range repulsion and a long-range attraction (with A * > 0) 38 . σ * is the equilibrium film height of the interaction potential U (h), i.e. dU dh = 0 and
as indicated in figure 1(a) . We consider the wetting film in a finite domain x ∈ [−L, L] with the half interval length L ≫ max(h) ≫ σ * . The total area in two dimensions (or volume in three dimensions) of fluid under the film V = L −L hdx is conserved, and using equation (2) , its rate of change can be calculated as
which then shows that a natural boundary condition for area conservation should be p x = B * h xxxxx −γ * h xxx +U hh h x = 0 at x = ±L, where we have assumed γ * and B * are constant. Next we define the total energy of the system (based on Glasner and Witelski
The rate of change of energy is computed as
When h x = h xxx = 0 at x = ±L for all t the boundary terms all vanish and the rate of change of the total energy is negative definite as
We obtain the following boundary conditions for B * = 0 by demanding that dV /dt = 0 and all the boundary terms in equation (6b) vanish:
These boundary conditions are reduced to
when B * = 0 and γ * = 0. In the far field an ultra thin film (precursor film) is expected on a wetting substrate: h(x = ±L) = h * . When the thin film evolves from an initial shape towards equilibrium (shown in figure 1 ), the ultra thin film (region (iii) in figure 2(b)) is almost of uniform height h * = O(σ * ). The total volume of fluid in the film can be expressed as
with V i the volume of fluid inside region (i) in figure 2(b). The film profile in the core region will be approximated byh(x, t), a quasi-steady thin film solution to equation (2) for x ∈ (−W (t), W (t)) where U (h) is negligible. The volume of fluid underh is
, the product of the maximum drop height and drop width defined in figure 2(b). As we will show later, for a non-flat film, h * depends non-linearly on both h max and M via the interaction potential U .
A. Non-dimensionalization
Several lengths are involved in this problem: (1) The thickness b * of the elastic sheet covering the thin wetting film, (2) the precursor film thickness h * ≈ σ * , (3) a typical film height h 0 , and (4) a characteristic horizontal length scale ℓ 0 . Within the lubrication framework for a thin layer of viscous fluid between an elastic sheet and a wetting solid substrate, we will choose the length h 0 for the drop height and ℓ 0 for the transverse (horizontal) length such that
In addition, two more length scales can be derived from a force balance: (5) The balance between bending and tensile forces gives a length scale l γ ≡ γ * /E * , where γ * is the tension between the elastic sheet and liquid; the capillary force is dominant at lengths smaller than l γ . For a very compliant soft sheet, E * ≈ 1 kPa and with γ * ≈ 40 mN/m (for a water-PDMS interface) l γ ≈ 40 µm. For a stiff elastic sheet immersed in water (such as a cross-linked PDMS sheet) E * = 1 MPa , γ * ≈ 40 N/m and l γ ≈ 40 nm. (6) The competition between bending stresses and the disjoining pressure sets another length scale
, where h c ≡ 3 1/6 σ * is where U h reaches a maximum (see figure 1(a)). With A * ≈ 10 −20 N·m, σ * = 5 nm, then for an elastic sheet of thickness b * = 0.1 mm and E * = 1 MPa, we find l b ≈ 0.5 mm. For a lipid bilayer membrane with b * = 5 nm and E * = 7.2 MPa, we find l b ≈ 44 nm. We note that both l b and l γ are much larger than the elastic sheet thickness b * for PDMS and lipid bilayer membranes.
We choose a characteristic film height h 0 = σ * /ǫ and a horizontal length ℓ 0 = h 0 /ǫ with the aspect ratio ǫ ≪ 1 to remove the dimensions from the equations by scaling the film height h to h 0 , coordinate x to ℓ 0 , and time t to a characteristic time t 0 = 12µh 0 ℓ 
with
and σ = σ * /h 0 . The dimensionless ultra thin film thickness is denoted as h UT F ≡ h * /h 0 . In the following, unless otherwise specified, the numerical simulations of the full lubrication equation start with an initial condition
chosen as a generic initial film profile different from the quasi-static core profile.
B. Summary of Glasner's quasi-static model for the thin film dynamics with γ = 0 and B = 0
With only surface tension on the thin film surface, a quasi-static film profileh(x, t) is found in the core region (region (i) in figure 2(b) ) where the disjoining pressure is negligible.h is a quadratic profile characterized by the maximum film height H and width
As shown in figure 3 (a) the core profile from the direct numerical simulation (solid curve, with the initial condition from equation (12) , σ = 0.15 and γ = 1) is close to that from the quasi-static model (dashed curve). The inset shows the smooth transition from the core film profile to an ultra thin film. By assuming that the volume of fluid in the core region is conserved at leading order, the film height and width satisfy the condition that H(t)W (t) ≡ M remains constant. The temporal dynamics of H(t) is obtained by equating the energy dissipation rate to the viscous dissipation rate in the system, which in this case yields (with
where the spreading coefficient
2 > 0 for a wetting substrate. The integral f e is positive as long as σ/H < 1. The dependence of the equilibrium film height H eq on γ is plotted in figure 3(b) , where the solid line with circles is from numerical simulations of equation (11) . In the quasi-static model, the equilibrium height H eq is computed by setting dH/dt = 0, which yields figure 3(b) ).
Similar agreement between the quasi-static model and the full lubrication equation was reported originally in Glasner 5 . Here we present a few new results (not found in previous work 5 ) that will be useful later when we illustrate the effects of elasticity and inextensibility on the hydrodynamics of a lubricated sheet on a wetting substrate. First, the dynamics of H always evolves toward a stable equilibrium H eq because dH/dt < 0 when H > H eq and dH/dt > 0 when H < H eq . Secondly, the (dimensionless) ultra thin film thickness h UT F is related to the film height in the core region via
which can be solved numerically to find h UT F as plotted in figure 4(a) for three different values of γ with M = 6.2. Finally we illustrate how the film profile transitions from the core region to the ultra thin film. The contact line region (region (ii) in figure 2 ) is where the parabolic film profile (equation (13)) in region (i) transitions smoothly to the flat precursor film in region (iii). To elucidate the nature of such a smooth transition from a flat precursor film to the core film profile, we substitute h = h UT F + δh(x, t) into the governing equation and linearize around h UT F . The resulting linear equation in δh is
where 3(σ/h UT F ) 6 − 1 > 0 because h UT F < 3 1/6 σ in figure 4(a). Thus the solution δh ∼ e α(x+W ) with α = (3(σ/h UT F ) 6 − 1)/(γh 4 UT F ) for x < 0 and δh ∼ e −α(x−W ) for x > 0. This result shows that the film height increases monotonically from the ultra thin film to the parabolic core when the surface tension is dominant over the bending stiffness: γ > 0 and B = 0. Figure 4 (b) summarizes these results for γ = 10 and M = 6.2, where symbols are for the equilibrium film profile h eq from the numerical simulations; the solid curve is for h UT F +δh = h UT F +ae α(x+W ) with a = 0.01.
III. QUASI-STATIC MODEL FOR THE LONG-WAVE DYNAMICS OF A LUBRICATED ELASTIC SHEET
Glasner's quasi-static model 5 focuses on the core region (region (i) in figure 2(b) ) where an approximate film profile can be easily computed by neglecting U (h) for h ≫ h UT F . Using the approximate core profile and assuming that the energy and dissipation rate are dominated by the contribution from the core region, the full lubrication equation is reduced to a nonlinear ODE. In the calculation of the energy and dissipation rate, the integration limits are adjusted so the transition to an ultra thin film is not needed for deriving the reduced-order ODE. We extend this approach to investigate the dynamics of a thin liquid film between an elastic sheet and a wetting solid surface. In § III A effects of the elasticity on the long-wave dynamics of a lubricated sheet are examined. In reality there may be a tensile force between the elastic sheet and the liquid 32 . Such a tensile force is considered together with a bending force in § III B. In § III C we extend our model to incorporate inextensibility of the elastic sheet, which in the lubrication framework induces a time-varying, spatially homogeneous tensile force to keep the membrane length (or area in three-dimensions) constant. 0.5 (15)) for the thin film dynamics at three values of (dimensionless) γ as labeled with σ = 0.15 and M = 6.2. (b) Transition from the parabolic core profile to the precursor film. The thick dashed curve is the equilibrium film profile from numerical simulation of equation (11) with γ = 10 and B = 0, and the symbols are hUT F + δh = hUT F + ae α(x+W ) with a = 0.01, σ = 0.15 and M = 6.2.
A. Quasi-static model for a lubricated elastic sheet on a wetting substrate
With no tensile force γ = 0 in equation (11), the dimensionless governing equation is a sixth-order nonlinear PDE
where
For a thin film with an elastic bending stiffness on the surface, the steady film profile satisfies the equation
Following Glasner's methodology, we neglect U h (h) for x ∈ (−W, W ) inside the core, and thus the quasi-steady core profileh satisfies the equation
The solution to the above equation is a quartic polynomial. With the assumption that the solutionh is symmetric with respect to x = 0, andh = 0 at x = ±W , we find the following quasi-static core profilē
with H(t) the maximum film height and W (t) the half-width of the core profile. As in § II B the product M = HW is proportional to the area under the thin film in the core region, and is assumed to remain constant. Similar to the capillary thin film dynamics in § II B, the ultra thin film thickness h UT F is related to the film height in the core via
which can be numerically solved to find h UT F as plotted in figure 5(a) for three different values of B with M = 6.2. Similar to the previous case in § II B the total surface energy in this case can be calculated as
where the spreading coefficient S = U (∞)−U (σ) = 1/8σ 2 . Substituting the quasi-static film profile from equation (20) into the energy of equation (22) and integrating, we obtain E = 64BH 2 5W 3 + 2W (t)S and
The flux J needed to compute the dissipation rate can be found from integrating J x = −h t :
Thus the dissipation D ≡
with y = x/W . The above integration for the total dissipation D has to be modified to avoid divergent stresses at the end points y = ±1. Following the analysis in § II B the integration limits are changed from [−1, 1] to (−y e , y e ), with y e = 1 − σ/H such thath(W y e ) = σ. Putting together equations (23) and (25), we find the governing equation for H(t):
The solid curve in figure 6(a) is the function g e , which is strictly positive for all admissible film heights H > σ. As a result, the sign of dH/dt in equation (26) is determined solely by the numerator, which vanishes when H = H eq ≡ . The vertical dashed lines in figure 6(a) correspond to H eq for B = 0.001, 0.01, 0.1 and 1 from curve 1 to curve 4 with M = 6.2 and σ = 0.15. As g e > 0 for all four values of H, the droplet would be focusing, i.e., dH/dt > 0, H increases and W decreases, when H < H eq . On the other hand, when H > H eq the droplet would be spreading, i.e., dH/dt < 0, H decreases and W increases until an equilibrium drop shape is reached. (17) starting from equation (12) with σ = 0.15. We observed that while the initial dynamics can be quite different between the quasi-static ODE model and the full PDE model, the general trend of spreading is consistent and both results converge quickly to the (stable) equilibrium solution. The corresponding dynamics of half-width W is shown in figure 7(a) . (17) with an initial condition in equation (12) The dependence of equilibrium film height H eq on bending stiffness B is plotted in figure 7(b) , where the solid line with circles is from numerical simulations of equation (17) . The crosses are H eq from the quasi-static model by setting dH/dt = 0 in the quasi-static model, which gives 6 ln(H eq ) = − ln(B) + ln( (17) with an initial condition of a quartic profile in the core region with H = 2.2 and W = 3.9. Solid curves are from the reduced ODE model with σ = 0.15 and M = 8.8.
The quartic core profile in equation (20) and the precursor film in the far field are connected in the transition region (region (ii)). As in the previous subsection, to investigate how the flat precursor film connects to the core profile, we substitute h = h UT F + δh(x, t) into the governing equation and linearize around h UT F . The resultant linear equation in δh is
where 1 − 3(σ/h UT F ) 6 < 0 because h UT F < 3 1/6 σ from figure 5(a). Thus the solution
with ζ = (3(σ/h UT F ) 6 − 1)/(γh 4 UT F ) 0.25 / √ 2 for x < 0 and δh ∼ e −ζ(x−W ) cos(ζ(x − W ) + δ) for x > 0. This result shows that the precursor connects to the quartic core in an oscillatory fashion when the bending stiffness B = 0 and γ = 0: The elasticity induces a dimple as the precursor connects to the core, in contrast to the monotonic transition in figure 4 for B = 0 and γ = 0 in § II B. Figure 9 summarizes these results for B = 0.01 and M = 6.2; symbols are for the equilibrium film profile from the numerical simulation, and the solid curve is for h UT F + δh = h UT F + ae ζ(x+W ) cos(ζ(x + W ) + δ) with a = −0.03 and δ = π/2.
B. Effects of a constant tensile force on the hydrodynamics of a lubricated elastic sheet
Here we consider the thin film dynamics with both tensile forces and elastic bending stiffness acting on the film surface. The dimensionless equation (with
The steady film profile satisfies the equation
We focus on the core region and neglect U h (h) there, With the assumption thath is symmetric about x = 0 and vanishes as x → ±W , the above equation can be solved to giveh
for x ∈ (−W (t), W (t)). Similar to previous analysis,h(W, t) = 0,h(0, t) = H(t) and M = H(t)W (t) is again proportional to the total area under the core profile, and is assumed to be constant in time. Defining β ≡ γ B and expanding equation (32) for the elasticity-dominant limit γ ≪ B, we obtain
Equation (33) converges to equation (20) as long as W 4 = 24BH/U h (h UT F ), which is equation (21) . In the tensiondominant limit (γ ≫ B, β → ∞) the leading-order terms in equation (32) arē
where U h (h UT F ) is given by equation (15) . The ultra thin film thickness h UT F does not appear explicitly in the quasi-static film profile for both the capillary-dominated and elasticity-dominated cases. Consequently, h UT F has to be computed from a consistency condition for the quasi-static core profileh(x, t). For the capillary case equation (15) is the consistency condition, while for the elastic case equation (21) is used to compute h UT F . For the elasto-capillary case, however, the quasi-static solutionh in equation (32) depends explicitly on U h (h UT F ). Thus h UT F can be computed via the condition that the apparent contact angle is zero in the elasto-capillary case: ∂h/∂x = 0 at x = ±W (t), which gives (29) starting from equation (12) with σ = 0.15. Dashed curve is the quasi-static core profile (equation (32)) with B = 1, γ = 1, σ = 0.15 and M = 6.8.
Equation (35) gives the correct limit when γ → 0 (equation (21)) and B → 0 (equation (15)):
In summary, we find that bothh in equation (32) and U h (h UT F ) in equation (35) reproduce expected results for both B = 0 ( § II B) and γ = 0 ( § III A). We note that the apparent contact angle for B = 0 and γ = 0 is not zero, see the discussion in § IV. Figure 10 figure 5(a) , the combined effects of elasticity and capillary forces give rise to a wider range of admissible H with h UT F /σ < 3 1/6 , the critical ultra thin film height for stability. Figure 10(b) shows the equilibrium film profile with B = γ = 1 from solving the full equation (solid line) and the quasi-static core profile (dashed line from equation (33) with the corresponding H and M ). We observe excellent agreement between the two profiles in the core region (region (i) in figure 2 ) as expected from results in § II B-III A. The total surface energy for the quasi-static film profile is calculated as
where ξ ≡ U h (h UT F ). As in the previous analysis the flux J can be obtained by integrating J x = −h t once with respect to x:
Equating the rate of change in E to the total dissipation rate as in the earlier sections § II B and III A, we obtain the governing equation for H(t):
which can be re-arranged to give
The integration limits for integrals in equation (40) are adjusted to avoid diverging stress at x = ±W . We note that, because σ/H > σ/H for σ/H < 1, the integration interval (− 1 − σ/H, 1 − σ/H) in the capillary case is larger than the integration interval (− 1 − σ/H, 1 − σ/H) ≡ (−W, W) in the elastic case. Therefore we use the integration limits (−W, W) in our computation of the integral in equation (41) when elasticity is dominant or comparable to tension. Figure 11 (a) shows the evolution of H(t), and figure 11(b) shows the corresponding evolution 0 0.5 1 2.5 of W (t). Solid lines are from the quasi-static ODE model, and the dashed lines are from fitting the core profile in equation (32) to the numerical solutions of the full equation with B = 1, σ = 0.15 and an initial film profile in equation (12) . Similar to previous cases, we observe poorer agreement between the two during initial dynamics, after which the ODE results are in good agreement with the PDE results.
To investigate how the flat precursor film connects to the core profile, again we substitute h = h UT F + δh(x, t) into the governing equation and linearize around h UT F . The resultant linear equation in δh is
with a corresponding characteristic equation for the eigenvalue α in the ansatz δh ∼ e α(x±W )
The four eigenvalues can be solved from the equation
We are interested in admissible values of α such that δh → 0 away from the core region. When h UT F ≥ 3 1/6 σ, two real roots of α are admissible regardless of the values of γ and B. In this case the precursor film transitions monotonically to the core profile as in the tension-only case in § II B. However, stability analysis 14 shows that an ultra thin film is unstable when h UT F ≥ 3 1/6 σ. Therefore we are more interested in the physically relevant equilibrium film profile with h UT F < 3 1/6 σ. When h UT F < 3 1/6 σ such a monotonic transition is still possible, but only for large tension γ ≥ 4B(3(σ/h UT F ) 6 − 1)/h 4 UT F . The oscillatory transition in § III A is expected when the bending stiffness is dominant over tension: B > γ 2 h 4 UT F /4(3(σ/h UT F ) 6 − 1). The above conclusion is consistent with the characteristic bending length in elastocapillary buckling of a slender objects 39 .
C. Effects of inextensibility on the hydrodynamics of a lubricated elastic sheet
The lubrication equation for a thin liquid film under an inextensible elastic membrane (e.g. a lipid bilayer membrane) has been derived to investigate the electrohydrodynamics of a lipid bilayer membrane under an electric field 24 . The strong interactions between lipids in the bilayer keep the lipid membrane inextensible (constant surface area in three dimensions, or constant arclength in two dimensions). In the continuum model 40 , such inextensibility is enforced by a Lagrange multiplier as the in-plane tension in the membrane. When a membrane deforms due to the local fluid traction, the tension in the membrane may be a function of both space and time 40 . In the long-wave limit the in-plane tension in the inextensible membrane is expanded in ǫ, the small parameter (or the aspect ratio) in the lubrication theory 24, 28 . At leading order (O(1)) such variable tensile force depends only on time, and is derived from the conservation of total membrane area. The spatial dependence in membrane tension comes in at the next order: γ ≈ γ 0 (t) + ǫ 2 γ 2 (x, t) + . . . with γ 2 explicitly determined from local inextensibility of the membrane: ∇ s · v = 0, where ∇ s = (I −nn) · ∇ is the surface gradient,n is the unit normal, and v = (u, v, w) is the fluid velocity evaluated on the membrane. In the long-wave formulation γ 2 is determined from the leading order of the surface divergence of the velocity ∂ x u + h x ∂ z u = 0 (in two-dimensions) where h(x, t) is again the film thickness. The resultant γ 2 depends on the film height and the forces evaluated at the fluid layer 24 :
At the leading order, the dimensionless lubrication equation for the thin film height h is
with γ 0 (t) yet to be determined. The leading-order tension γ 0 is computed from the global constraint that the surface area of a thin film in 3D (or arclength in 2D) remains constant. Focusing on a 2D system, the total length of the film is
based on which we define the excess length:
γ 0 can be computed by first taking the derivative d∆l/dt = 2 L −L h x h xt dx = 0, and then substituting h t in equation (45) into h xt in the integrand to obtain an explicit expression:
γ 0 may become negative (compressive in-plane pressure) to resist change in membrane area 24 . Both the solutionh in equation (32) and the ODE model in § III B derived for positive tension are still valid for negative tension. The numerical scheme in Young et al. 24 is used to solve equations (45) and (48).
For a flat inextensible membrane the excess length △l = 0 and any small perturbations to the flat membrane will induce a tension γ 0 (from equation (48)) to enforce zero excess length. To illustrate this we perturb a flat membrane of height η: h(x, t) = η + δhe λt+ikx + c.c. with perturbation wave number k and amplitude δh ≪ 1. Using equation (48) the tension γ 0 for the perturbed flat membrane can be computed as
We note that γ 0 is independent of t at leading order. For this leading-order constant tension, the growth rate λ for the sinusoidal perturbation to a flat membrane is
Substituting equation (49) into equation (50) we find that the linear growth rate λ = 0 at leading-order, regardless of the bending rigidity. Physically this means that the leading order tension in equation (49) acts to keep the excess length △l = 0 up to O(δh) for a slightly perturbed flat membrane.
In the absence of potential U (h), γ 0 = −Bk 2 < 0 for all values of k. The potential U (h) gives rise to a change of sign in γ 0 at wave number k = (1 − 3(σ/η) 6 )/B 1/4 /η. In addition, the wall potential also makes γ 0 diverge in the long-wave limit k → 0. Finally we note that the leading-order membrane tension in equation (49) renders the flat inextensible membrane stable regardless of film height η. This is drastically different from the dynamics of an elastic extensible membrane. Furthermore, results from 24 illustrate that the equilibrium shape of the inextensible elastic membrane is characterized by the excess length △l.
The total surface energy E for the quasi-static film profile in the core region is calculated as
With the excess length ∆l a constant specified by the initial film profile, the rate of change of energy is
where dγ 0 /dt is expressed in terms of dH/dt via the constancy of the excess length ∆l. The governing equation for H is obtained by equating the rate of change of E to the total dissipation
where F and G are computed numerically, following the procedures in Glasner 5 for computing the integrals in equations (26) and (41). The tension γ 0 evolves with the film height H to enforce the inextensibility of the elastic membrane. The numerical scheme designed to solve the full lubrication equation 24 is used to integrate equation (53) with γ 0 calculated from equation (48), which is computed within the core region in the reduced model. Figure 12 (a) shows the evolution of an inextensible elastic sheet covering a wetting liquid film from full simulations of equation (45). The initial film profile is denoted by the dashed curve with an excess length ∆l = 17.07. The solid curves are the equilibrium film profiles for four values of bending rigidity: B = 1, 5, 10 and 20. Due to the inextensibility the elastic sheet does not evolve too much from the initial profile. Consequently we do not elaborate on the temporal evolution in this case. Figure 12(b) shows the comparison of the core film profile between the full solution from simulation (thick dashed curve) and the quasi-static core profile (equation (32)). Figure 13(a) shows that the equilibrium film height does not vary too much with bending rigidity B, unlike results in figure 7(b). Figure 13(b) shows that the corresponding tension is linearly proportional to B. Therefore the evolution of the wetting thin film covered by an inextensible elastic sheet is dominated by the inextensibility constraint, and similar equilibrium thin film profile is expected when the initial condition is given in equation (12) or the quasi-static profile in equation (32) with a membrane tension computed from equation (48). 
IV. CONCLUSION AND DISCUSSION
Using Glasner's quasi-static approximation for the thin-film dynamics between a fluid interface (with capillary force) and a wetting solid surface, we investigated the hydrodynamics of a thin film between an elastic sheet and a wetting solid substrate. In § III A we illustrated that the ODE model gives good agreement with direct numerical simulations provided the numerical simulation of the full system starts with a quasi-static profile in the core and an ultra thin film outside the core. We found that the ultra thin film connects to the core profile monotonically in the capillarity-dominant case ( § II B), while in the elasticity-dominant case ( § III A) the connection exhibits spatial oscillations. When elasticity is comparable to the tensile force ( § III B) we obtain a critical tensile force γ c = 4B(3(σ/h UT F ) 6 − 1)/h 4 UT F : Our analysis predicts a spatial oscillation of h in the contact line region for γ < γ c , and monotonic transition in the contact line region for γ ≥ γ c .
In § III C we constructed an ODE model based on the lubrication model for the thin-film dynamics between a wetting surface and an inextensible elastic sheet, which represents a model for the lipid bilayer membrane with a constant surface area in three dimensions and constant arc length in two dimensions. Linear analysis on a flat inextensible membrane gives a membrane tension (equation 48) that corresponds to a zero growth rate (equation 50) at leading order. Physically this implies that the membrane tension γ 0 enforces the inextensibility to keep the excess length △l = 0 for a flat membrane. For a planar membrane with a lot of wrinkles, △l may be large and the planar membrane undergoes dynamic deformations to reach an equilibrium that is specified by the excess length 28 . On the other hand, for a non-flat membrane such as the film profile in equation (12) with a large excess length (thin dashed curves in figure 12 ), the inextensibility constraint gives rise to an equilibrium profile not too different from the initial profile. As a result we did not elaborate on the transient dynamics in this case. Furthermore, we found a compressive tensile force may develop to enforce the inextensibility, and such a tensile force depends linearly on the bending rigidity. We also illustrated that the ODE model reproduces the compressive tensile force and equilibrium profile of the inextensible membrane as we vary the bending rigidity. These results lay the ground work for modeling the electrokinetic flow around a supported lipid bilayer membrane in electrolytic solutions under an electric field.
For the tension-only case Glasner calculated the apparent contact angle θ C ≡h x | x=−W and contact line speed V C ≡ dW/dt:
where the expression for the contact line speed V C is also referred to as the Tanner's law. To examine how elasticity affects the apparent contact angle, we revisit equation (30) for the quasi-static film shape. Assuming that σ ∼ ǫ ≪ 1, we further rescale h → ǫH, x → −W + ǫχ, and U h → ǫ −1 U(H). The scaled equation (30) is 
which gives a simple film profile near the edge of the core region H(χ) = a 3 χ 3 + a 2 χ 2 + a 1 χ + a 0 , with a 0 = 1 and a 1 = a 2 = a 3 = 0.
Thus when the bending force dominates the tensile force, the macroscopic contact angle is reduced to zero because lim χ→∞ dH/dχ = 0. Another way to illustrate the effects of elasticity on the apparent contact angle is to calculate θ E from the core profile equation (20) for the case of γ = 0 and B = 0:
This result is consistent with the zero macroscopic contact angle from the above analysis ; also it explains the zero contact angle boundary condition in modeling a lubricated elastic sheet with a moving contact line 26, 27 . The corresponding (dimensionless) contact line speed V E is proportional to the bending stiffness B:
We note that even though the elastic contact angle is much smaller than the capillary contact angle θ C , the elastic contact line speed V E is finite, implying a sliding motion of the elastic sheet above the thin film. Equation (58) motivates the condition used to compute h UT F in equation (35) for the case of γ = 0 and B = 0. The corresponding (dimensionless) contact line speed is
where F and G are defined in equation (39) and equation (40), respectively. The last fraction on the right-hand side of the above equation needs to be computed numerically.
